There is an increasing interest in the study of direct plasma generated in liquid/ bioliquid as it fi nds more applications in both industry and academic research. For all the applications, it is important to get a better understanding of the key physical mechanisms of the breakdown process. In the present paper, streamer propagation during an electric breakdown process of dielectric liquid was analyzed quantitatively using two different mechanisms based on electrostatic expansion and local heating. It was proposed that at the early stage of the streamer propagation, the electrostatic force due to the charging of a liquid-gas interface under a high electric fi eld might be the major driving force for fi lament growth. Over a submicrosecond time scale, the local heating might dominate the streamer propagation process, and the growth of the fi lament could be caused by the continuous evaporation of liquid at the tip of the streamer. Analysis of linear instabilities that lead to the bushlike growth of the streamers was carried out. Both classic Rayleigh-Taylor instability and electric fi eld-induced instability were identifi ed. It was shown that with an increasing applied voltage, the electrostatic instability was enhanced, whereas the Rayleigh instability was suppressed.
I. INTRODUCTION
There is an increasing interest in the study of electric breakdown in water and other liquids as it fi nds more applications in both industry and academic research, ranging from dielectric insulation to water sterilization, organic contaminants destruction, and material synthesis. [1] [2] [3] [4] [5] [6] For all the applications, it is important to get a better understanding of the key physical mechanisms of the breakdown process. In most cases, the electric breakdown of liquids is initiated by the application of a high electric fi eld on the electrode, followed by rapid propagation and branching of streamers. The overall mechanism is complex since it involves different physical processes including fi eld emission, bubble formation, ionization, heating, vaporization, etc. Thus, it is diffi cult to include all the effects in a single analytical model. A number of proposed theories for the initiation of the breakdown of dielectric liquids are available in the literature. [7] [8] [9] [10] [11] [12] The initial bubble formation could be attributed to pre-existing cavities in water, direct ionization, fi eld-assisted emission, or joule heating induced by local fi eld emission. However, the exact mechanism is still unclear.
Despite different mechanisms proposed, all the initiation theories lead to the formation of a low-density region so that self-sustained electron avalanche could be possible. Thus, the next question is what the driving force is to sustain and expand the cavity to form complex geometrical structures. Similar to the initiation process, the propagation is complicated because it involves interactions between plasma, gas, and liquid phases of the media. Recent experiments demonstrated the existence of different modes of propagation where both a primary streamer mode with a slow velocity and a secondary streamer mode with a high velocity were observed. 13 Several models have been proposed to correlate the electric fi eld to streamer velocity. [14] [15] [16] Different effects, including liquid viscosity, trapping of positive and negative carriers in the conducting channel, and local electric charge at the streamer head, were taken into account. But again, there is not yet a commonly accepted model.
The objective of the present study was to develop a theoretical framework for understanding the propagation of streamers of electric discharge in water subjected to high voltage. The breakdown process is usually characterized by two typical features of breakdown, namely, the rapid propagation of discharge streamers and high tendency of branching and formation of random dendritic structures. Therefore, the present study consists of two components, i.e., a quantitative model for possible mechanisms to produce the driving force needed to sustain and promote the propagation, and a stability analysis of a single cylindrical fi lament with surface charges in an external electric fi eld.
II. MODELS
Despite the fact that the mechanism is not fully understood, the propagation of streamers during electric breakdown of water clearly involves the displacement of adjacent liquid along their paths. The process requires a driving force, which is to be discussed in this section. Two quantitative models have been developed. One is based on the electrostatic effect on the streamer-water interface, and the other a more traditional local heating effect. Comparison was made to examine the validities of the two models.
A. Electrostatic Model
A schematic diagram of the present electrostatic model is shown in Figure 1A . A thin needle electrode with a rounded tip was aligned perpendicular to a ground plate elec-trode. High voltage Φ 0 was applied to the needle electrode. According to Kupershtokh et al., liquids could become phase unstable under a high electric fi eld so that gas channels could form along electric fi eld lines. 17 The time required for breakdown ignition in the channels can be estimated as τ b = (k I n 0 ) -1 , where k I is the direct ionization rate coefficient, and n 0 is the molecule density. 18 Under atmospheric pressure, n 0 is on the order of 10 19 cm -3 , while k I is on the order of 10 -10 to 10 -9 cm 3 /s in the reduced electric fi eld E/n 0 of 10 3 V•cm 2 . 18 Hence, τ b is on the order of 0.1 to 1 ns. For negative discharges, due to the higher momentum transfer collision frequency and thus a low mobility in the liquid phase, electrons tend to deposit on the gas-liquid interface and charge it negatively. For positive discharges, the high mobility of electrons would leave the interface charged positively. Under both circumstances, it is possible that the charged interface would be pushed to displace the liquid under an external electric fi eld by electrostatic force. A simplifi ed calculation can be made to examine whether or not the electrostatic force would be suffi cient to overcome the resistance of water at the interface. The pressure due to the surface tension γ on a water interface of a spherical bubble with a radius of curvature r can be approximated by the Young-Laplace equation p = 2γ/r. With r ~1 μm, and γ = 72.8 × 10 -4 N/m, the surface tension pressure is ~15 kPa. The ultimate strength of water of approximately 30 MPa must be exceeded for rupturing the liquid. 19 Considering forces due to charged particles only, and ignoring those due to fi eld gradients and material property gradients, the electric force at the interface becomes simply the electrostatic force L, which is the product of charge density per unit area σ and the electric fi eld E, i. e., L = eσE, where e is the charge per electron. For E = 10 8 V/cm, σ should have a value of 10 12 charges/cm 2 . For electrons with an average energy of 1 eV, the electron thermal velocity can be estimated as 6 × 10 7 cm/s. So a modest electron density of 10 13 cm -3 will provide the fl ux necessary to charge the surface to the breaking point within 1 ns. Although these estimations for water rupturing also neglect both loss mechanisms and the energy requirements to overcome the hydrodynamic resistance, the electrostatic mechanism still seems a likely candidate for streamer propagation, and such forces may dominate at a nanosecond time scale.
The growth of a plasma fi lament is determined by conservation equations of mass, momentum, and energy. To quantify the breakdown process described above, the equations for the formation and propagation of the plasma-fi lled fi laments are defi ned as 20 (1)
where t is time, ρ and P are the radial density and pressure inside streamer, respectively, u is the velocity of streamer, T is the temperature, λ is the thermal conductivity, Δ v H is the evaporation heat of water, r 0 is the radius of streamer, Z is the internal energy of ionized gas, E is the electric fi eld strength, and κ is the electric conductivity. It is usually diffi cult to directly solve Eqs. (1)- (3) because of the high nonlinearity of the equations.
For simplifi cation, the streamer was assumed to be a cylinder with a hemispherical tip as shown in Figure 1B . The reference frame was fi xed on the tip. The radius of the fi lament is r 0 . Although it appears from photographic evidences that the fi lament is usually of a conical shape, the cylindrical approach is still a good approximation when the length of the fi lament is much greater than the radius. The electric conductivity κ inside the fi lament could be described as (4) where m is the mass of electron, and ven is the frequency of electron-neutral collisions. Note that ven is proportional to the gas number density and the value of ven/p is usually on the order of 10 9 s -1 Torr -1 . 18 Sunka et al. measured the broadening of the Hα line profi le, which is commonly used to characterize the density of plasma, reporting the electron density inside streamers during the initial phase of water breakdown to be on the order of 10 18 cm -3 . 21 With the room temperature saturated water vapor pressure of 20 Torr, the electric conductivity inside the fi lament can be estimated to be on the order of 10 7 S/m, a value that is comparable to those for metals. Thus, the fi lament could be regarded as equipotential with the electrode, and thus could be treated as an extension of the electrode throughout the expansion. The external fl uid provides drag force and constant external pressure for the development of the fi lament. Gravity is neglected here because the body force induced by gravity is much smaller than the electric forces.
The electric fi eld outside a slender jet can be described as if it were due to an effective linear charge density (incorporating the effects of both free charge and polarization charge) of charge density σ on the surface. Since the charge density in liquid can be ignored compared to that on the fi lament surface, one can have the following equation for the space outside the fi lament by applying the Laplace equation in the radial direction: with boundary conditions Φ½ r=r 0 = Φ 0 and Φ½ r=R = 0. R is the distance between the anode and cathode. Because the fi lament could be regarded as an extension of the electrode, R decreases as the streamer propagates through the gap.
Solving the above equation with an assumption of negative discharge, the radial electric fi eld E r and local surface charge density σ r can be written as (6) (7) There is no analytical solution for the electric fi eld at the hemispherical tip of the fi lament. A frequently used approximation is E z ≈ Φ 0 / r 0 . Here, the equation for the electric fi eld at the tip of a needle in a needle-to-plane geometry developed by Lama and Gallo was used, 22 (8) Similarly, the local charge density at the tip is:
From Eqs. (6)- (9), one can conclude that the radial direction electrostatic pressure Eσ exerted on the sidewall of the streamer was weaker than the axial direction electrostatic pressure on the tip. Note that both electrostatic pressures were roughly inversely proportional to r 0 2 , meaning that at the initial stage of the fi lament growth when r 0 is small, the electrostatic forces on both directions were strong and the fi lament would grow both axially and radially. A direct consequence of both the axial and radial expansions of the streamer channel is the launching of compression waves into adjacent liquids. 13 At some critical point, the electrostatic force would reach a balance with hydrodynamic resistance acting on the surface in the radial direction fi rst, while the fi lament continued to grow in the axial direction.
Experimentally recorded propagation speeds of the fi laments varied depending on the measurement techniques, ranging from a few kilometers to one hundred kilometers per second. 13, 23, 24 In spite of the discrepancy observed by different groups, the propagation was clearly in the supersonic regime, and the formation of shockwaves had to be taken into consideration (see Fig. 2 ). The drag force on the tip of the streamer, which is a stagnation point, equals to the force produced by the total hydrodynamic pressure, (10) where P 1 is ambient pressure, is the pressure behind shock front, α is the specifi c heat ratio of water, M 1 is the Mach number of streamer, M 2 is the Mach number after the shock front, and C is the speed of sound in liquid. The relationship between M 1 and M 2 can be written as 25 (11) Equating the hydrodynamic pressure to the sum of the electrostatic pressure and the pressure produced by surface tension at the tip can give the following equation for streamer propagation: (12) The balance between the electrostatic force and the force produced by the total hydrodynamic pressure in the radial direction can be given as (13) Note that there are three unknowns, M 1 , M 2 , and r 0 , in the above equations. So it is possible to solve Eqs. (11)- (13) simultaneously when the applied voltage Φ 0 and the interelectrode distance R are specifi ed.
To demonstrate the validity of the present model, the fi lament radius predicted by the model is shown in Figure 3 . For a typical interelectrode distance of 1 cm, the fi lament radius increased from 3 μm to 50 μm as the applied voltage rose from 5 kV to 30 kV. The value was comparable to typical experimental values. For example, Baumung and Bluhm reported that the light emission from the discharge was restricted to a channel of 100 μm diameter, indicating the interaction of charged particles in the region. than the primary streamer speed, but lower than the secondary streamer speed reported by Baumung and Bluhm. 13 The Mach number increased moderately with the applied voltage, a phenomenon that is understandable from the point of view of energy conservation. The streamer propagation velocity was relatively independent of the interelectrode distance. For an applied voltage of 30 kV, the Mach number increased from 11.2 to 12.3 when the interelectrode distance decreased from 10 cm to 0.1 cm. This is consistent with the known property of negative streamers since the previous experiment showed that for a given voltage the propagation, velocity was relatively constant as the streamer crossed the gap, and it increased as the streamer approached the plane electrode.
14 This phenomenon could be understood by Eq. (6), i.e., the interelectrode distance R was decreased with the propagation of the streamers; as a result, the electric fi eld at the tip of the streamer was increased, leading to a higher propagation speed. However, the amount of the increase in the electric fi eld would not be signifi cant because of the natural logarithm in the equation.
B. Thermal Mechanism
In the electrostatic model described above, it was assumed that the translational temperature inside the streamer was low, and the electrostatic force was the only driving force for the growth of the fi lament. The assumption was valid only at the initial stage of the fi lament development, since the temperature will keep rising as the molecules gain more energy through electron-neutral collisions. The heating time τ is approximately τ = τ en + τ vt , where τ en is the time for electron-neutral excitation, and τ vt is the time for vibrational-translational (v-t) relaxation. For electron-neutral excitation, τ en = 1/ν en = 1/ (n e k en ), where ν en is the electron-neutral nonelastic collision frequency, n e is the electron density, and k en is the rate constant for electron-neutral collisions; k en can be expressed as k en = σ en v te , where σen is the cross section for vibrational excitation of H 2 O molecules by electron impact and v te is the electron thermal velocity.
For electrons with an average energy of 1 eV, the cross section for vibrational excitation is about σ = 10 -17 cm 2 . 26 k en is thus about 10 -8 cm 3 /s, as is typical (v te = 6 10 7 cm/s). Spectroscopic measurements indicated that the stark broadening of the Hα line corresponded to an electron density of about 10 18 cm -3 at a quasi-equilibrium state. 21 Thus, the typical electron-neutral excitation time can be estimated to be on the order of a few nanoseconds. For the v-t relaxation, τ vt = 1/(n v k vt ), where n v is the density of vibrational excited molecules, and k vt is the v-t relaxation rate coeffi cient. For water molecules at room temperature, kvt is about 3 × 10 -12 cm 3 /s. 18 Assuming that n v is on the same order with the electron density, τ vt could be estimated to be on the order of several hundred nanoseconds, suggesting that heating can take place inside the fi laments under a submicrosecond time scale due to the energy transfer from the electrons to the translational energy of the water molecules; and furthermore, the propagation of the streamers could be caused by the continuous evaporation of water molecules at the tip. Here, the energy dissipation was not considered, and the actual heating time might be longer, but still the local heating mechanism under the submicrosecond time regime seems possible.
To quantify the process described above, it was assumed that a small cylindrical portion of water evaporated at the tip of the streamer during time Δt so that the length of the streamer grew from L to L + δL, as shown in Figure 5 . The diameter of the evaporated water cylinder was assumed to be 2r e . There was no defi nitive value for pressure P e inside the small vaporized portion given the extremely high temperature. However, P e could be estimated to be on the order of 1000 atm because of the density difference between liquid water and vapor. Such a high pressure could provide the driving force needed for the growth of the fi lament. As in the previous section, one can get the force balance along the axial direction at the tip of the fi lament assuming a steady state condition as (14) The energy required for the evaporation of water can be calculated as (15) where ρ is the density of water, V e is the volume of evaporated water, c P is the specifi c heat of water. V e can be written as (16) After evaporation, the overheated and overpressured water vapor will expand radially, while satisfying the force balance along the axial direction, until it reaches an equilibrium with the outside hydrodynamic pressure. The process could be regarded as adiabatic under a submicrosecond time scale, and thus one can have the following equations:
(17) (18) where P 0 and V 0 are the pressure and volume, respectively, of the water vapor after the expansion, r 0 is the radius of the fi lament after expansion, and αs is the specifi c heat ratio of the water vapor. The force produced by P 0 should be in balance with the forces created by both surface tension and total environmental hydrodynamic pressure as given below, (19) Another set of equations can be obtained through the consideration of energy conservation. The energy required to vaporize water was the electric energy provided by the power supply. If the entire fi lament was viewed as a capacitor with capacitance C, the required energy could be calculated as (20) The capacitance of the cylindrical fi lament is (21) So the energy change required to extend the length by δL becomes (22) By equating δE to E e , one has (23) Assuming α ≈ 1 due to the low compressibility of water, and rearranging Eqs. (11), (14) , (18), (19) , and (23) to eliminate M 2 , r e , and P g , one can get a set of equations about M 1 and r 0 as follows: (24) (25) For water vapor, α s can be assumed to be 1.3. 27 For high-temperature underwater discharges, the translational plasma temperature was measured to be between approximately 4000 K and 6500 K. 28 An average value of 5000 K was used for ΔT in the present study. Figure 6 shows the Mach number of fi lament propagation, M1, as a function of Φ 0 and R. The propagation velocity was about 50 km/s, which was higher than the secondary streamer velocity of 25 km/s reported by Baumung and Bluhm 13 , but lower than the value of 200 km/s reported by Woodworth et al. 24 The discrepancy in the two measurements probably came from the different techniques used for the velocity measurements. The value of M 1 remained constant for various values of Φ 0 and R, indicating that the propagation velocity of the streamers was independent of either the applied voltage or interelectrode distance. A similar phenomenon was observed previously, 13, 24 where the propagation velocity of secondary streamers was constant over a wide voltage range. Figure 7 shows the fi lament radius as a function of Φ 0 and R. The radius increased slightly as the streamers approached the other electrode, while it decreased almost linearly as the applied voltage dropped. The absolute value of r 0 was about one order smaller than that obtained from the electrostatic model. This could be understood if one considers the energy requirements for the two mechanisms. For the evaporation of water, the energy needed to break the hydrogen bonds between water molecules should be much greater than that required to displace the same volume of water. The different models based on the electrostatic force and evaporation gave different results of the streamer propagation speed and fi lament radius. The electrostatic model showed streamers with a larger radius and a lower Mach number, while the thermal model demonstrated that the streamers could move much faster, but were thinner than those determined from the electrostatic model. The different fi ndings from the two models led us to postulate that different mechanisms might be associated with the different modes of the streamer propagation. At the initial primary streamer mode before any signifi cant heat was generated, the electrostatic force might have played a major role. The appearance of the secondary streamer required more time, during which the electron energy could be transferred to the translational energy of water molecules, and subsequently evaporation could become the dominant force to drive the fi lament to move forward. The transition time between the primary and secondary streamers was on the order of 100 ns, 13 a value that is in accordance with the heating time as estimated above. 
III. STABILITY ANALYSIS
The breakdown process is usually characterized by two features, i.e., an initial development of thin discharge channels and a subsequent branching of these channels into complicated "bushlike" patterns. Apparently, the branching process is associated with the instability of the fi lament. In this section, the linear stability analysis of the axisymmetric perturbation of a fi lament surface with a certain electric charge density is presented. As long as the wavelength of the perturbation is much smaller than the length of the fi lament, the stability characteristics can be approximated by considering perturbations to a charged cylinder of constant radius as shown in Figure 8 . The peak-to-peak amplitude and wave number of the disturbance are h and k, respectively. H is the depth of wave infl uence, and u is the velocity of liquid relative to the disturbance. Then, the surface of the perturbation can be represented by the following equation: (26) where ω is the oscillation frequency of the instability. To analyze the linear stability, the disturbance of the local electrostatic force, surface tension, and hydrodynamic pressure were considered following a geometrical perturbation. Generally, the surface tension tends to minimize the surface area and subsequently stabilize the disturbance, while the local enhancement of the electrostatic force tended to push the disturbance to grow. In the reference frame that moves together with the tip of the fi lament, the effects of these three forces were considered separately for the pressure balance between the crest and trough along the streamline (see Fig. 8 ). 
A. Electrostatic Pressure
According to Eqs. (6)- (9), the electrostatic pressure is proportional to the square of the local curvature of the interface, which is different at the crest and trough of the perturbation. Thus, the electrostatic pressures at the crest and trough, P E,c and P E,t , become, respectively, (27) and (28) where ε r is the relative permittivity of water, and χ c and χ t are the mean curvatures at the crest and trough, respectively. The expression for the mean curvature can be written as 29 (29) Substituting Eq. (26) 
B. Surface Tension
The pressures due to the surface tension across the interface at the crest and trough can be written as 
C. Hydrodynamic Pressure
When there is a disturbance on the interface of the fi lament, the fl ow speed of liquid will be perturbed in the depth of wave infl uence, inducing a hydrodynamic pressure difference ΔP H between the crest and trough,
where Δu/2 is the perturbation in the fl ow speed caused by the shape of the wave. The dynamic pressure is related to the fl ow speed through Bernoulli's equation. The pressure difference from the electrostatic force and dynamic effect of the fl ow has the opposite sign due to the surface tension. For a balance between two kinds of oppositely directed pressure differences, one has (40)
In order to solve Eq. (40), the perturbed fl ow speed Δu must be expressed in terms of experimentally measurable quantities. The following derivation was inspired by Kenyon. 30 Assuming that the perturbed fl ow speed is constant over the depth of wave infl uence, the mass conservation equation through vertical cross sections between the crest and trough becomes (41) where H is the depth of wave infl uence. The above equation can be reduced to Since this is a quadratic equation, there will be two different branches of the dispersion relation, and an instability occurs if Re(ω) > 0. The fi rst thing to note in Eq. (44) is that when the applied voltage Φ 0 is equal to zero and the surface is fl at, in other words, when the radius of the fi lament r 0 goes to infi nity, the above equation reduces to ρu 2 = γk, which is the equation for the classic 2D Rayleigh instability. Figure 9 shows the instability growth rate ω at a low applied voltage, where the process is in Rayleigh mode. The dashed line represents the classic Rayleigh instability for Φ 0 = 0 and r 0 →∞. For Φ 0 ≠ 0 and r 0 is fi nite, instability only happens at high wave numbers. When the voltage increases under this mode, the growth rate is decreased until fully suppressed at a certain critical value. The physical explanation for this can be as follows. The Rayleigh instability occurs due to surface tension, which always acts to break a cylindrical jet into a stream of droplets; on the other hand, the electrostatic force, which is proportional to the square of the applied voltage, always acts in the opposite direction of the surface tension. When the applied voltage increases, the Rayleigh instability would be suppressed when the two forces are balanced.
As the voltage continues to increase, the instability enters the electrostatic mode, where the electrostatic force exceeds the force created by the surface tension and becomes the dominant force. Figure 10 shows the instability growth rate ω at a high voltage. Both the growth rate and the range of wave number increase as the voltage rises. The physics of this mode is a consequence of the interaction of the electric fi eld with the surface charge on the interface; surface tension is a parameter of less importance for this mode. The mechanism for the instability is that a perturbation in the radius of the fi lament induces a perturbation in the surface charge density and therefore a perturbation in the electrostatic pressure. At a high voltage, the perturbation is amplifi ed by the fact that the electrostatic pressure PE is proportional to Φ 2 , causing the instability. In contrast to the Rayleigh mode, the instability in the electrostatic mode is unavoidable at low wave numbers (long wavelength). This may explain why the fi lament always tends to branch into bushlike structures.
IV. CONCLUSIONS
The electric breakdown of water involves both the generation and propagation of lowdensity channels through the liquid. The different physical processes and interactions between different phases of the media should contribute to the complexity of the problem. In the present study, different modes of the streamer propagation were considered in simplifi ed steps, with each step characterized by a driving force and the corresponding hydrodynamic drag. The effects of the electrostatic force and local heating on the streamer propagation were analyzed using simplifi ed assumptions. It was shown that both of them were dominant for the streamer propagation, but at different time scales. Furthermore, a linear instability analysis was performed on a charged cylindrical streamer in an external electric fi eld to understand the bushlike growth pattern of breakdown in the liquid. It was shown that the stability may be caused by the competition between perturbations in the electrostatic pressure and surface tension caused by the disturbance of the streamer geometry. With increasing applied voltage, the electrostatic instability was found to grow, whereas the classic Rayleigh instability was found to be suppressed.
